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The Criteria for Thermodynamic Stability 
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Beegle, Modell, and Reid (1974b), in their recent dis- 
cussion of the use of Legendre transforms to establish 
thermodynamic stability, have made an erroneous state- 
ment, The error is contained in the following sentences 
quoted from the paper. “. . , one can state that the necessary and sufficient 
criterion of stability is 

(m-2) k-1 
In other words, if y(m-l)(m-l) is positive, then all y k k  

(k = 1, . . . , m - 1 )  are positive and the system is stable. 
The condition at which the system reaches the limit of 

stability is the one at which ~ ( ~ - 1 ) ( , , , - 1 )  becomes zero.” ( m - 2 )  

However, 
1. The condition stated is not sufficient to assure stabil- 

ity; that is, the second sentence is not always true. 

2. It is possible to have y(m-l)cn-l) = 0 at points 
which do not lie on the limit of stability. While it is true 
that this condition is satisfied at all points which lie on 
the limit of stability, the converse is not true. 

(m-2) 

A COUNTER-EXAMPLE 

A ternary liquid-liquid equilibrium problem will be 
analyzed at this point to illustrate that (21) is not suffi- 
cient to establish stability. The excess Gibbs free energy 
is taken to be 

(1) 
GE - _  - a (XAXB + ~ A X C  + ~ B X C )  
R‘1’ 

According to Tisza (1951, 1961, 1966) and to Beegle 
et al. (1974b), at stable points four inequalities must be 
satisfied. The internal energy is used for yo. That is, 

Then, at stable points (see Beegle et al. (1974a) for 

mechanics of handling the Legendre transforms) 

y’z2 = - (%) > O  
T.NAA”.Nc 

(4) 

and 

y344  = (*) > 0 
a N B  T,P,&A,Nc 

In the absence of other information, it is presumed that 
( 3 )  and (4)  are satisfied. For ( 5 )  and (6) we find, re- 
spectively, that 

and 

(8) 
[-I + (YXC + &(XAxB - X C 2 ) l 2  - 

N 
RT - y233 

Equation (8) is a specific instance of the “generalized 
derivative operator” introduced by Beegle et al. (197413). 
That is, 

(k -1 )  (k -2 )  (k -2 )  2 k -2  
Ylck = y k k  - ( y k ( k - 1 ) )  / y ( k - l ) ( k - l )  (9) 

which in this case becomes 

(10)  
(SY T,P,NA,Nc - 

y233 
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0 CRITICAL POINT 

-LOCUS OF Y:, *O 

__- LOCUS OF &-O 

(%) (”) - 
aNA T,P.N&NC a N B  T.P.NA.Nc 

($) T,P,NB,Nc (%) T,P.NA,Nc 

944 * y233 = 

C B 

(11) 

Fig. 1. Regions of instability and phase boundaries in the system 
described by Equation (1); a = 2.5. 

Fig. 2. Regions of instability and phase boundaries in the system 
described by Equation ( I ) ;  a = 3.5. 

Furthermore, all the points lying on this roughly tri- 
angular locus obey ~ 3 4 ~  = 0 yet they are not at the limit 
of stability. 

CORRECTED CONCLUSIONS 

The correct conclusions to be drawn from the general- 
ized analysis of stability presented by Tisza (1966) are 
a good deal more slack than those presented by Beegle 
et al. (1974b). These could be stated as follows: 

I. The necessary and sufficient criterion of stability in 
an n component system is that 

11. All points on the limit of stability obey 

IMPLICATIONS IN THE COMPUTATION 
OF CRITICAL POINTS 

In a three-component system, critical points, in general, 
lie at the intersections of y344 = 0 and y 3 4 4  = 0 (Tisza, 
1966, p. 159, or equivalently, Gibbs, 1875, p. 131). With 
yo as defined by (2) ,  

a2PB 
Y3444 = (x) 

T,P&A.Nc 

This result has been used to compute critical points 
(plait points) in the liquid-liquid equilibrium system of 
Figures 1 and 2. In Figure 1, the computed points lie at 
the tops of the three binodal curves, as expected. In Fig- 
ure 2, however, there are three points satisfying 9 4 4  = 0 
and y3444 = 0 which fall at unstable points, 

The possibility that spurious critical points may exist 
should be taken into account by anyone attempting to 
compute plait points in liquid-liquid equilibrium systems. 
From the conclusions reported by Beegle et al. (1974b), 
one would infer that such spurious solutions could not 
occur. 

Heidemann and Mandhane (1975) have presented a 
number of ternary liquid-liquid equilibrium diagrams in 
which spurious critical points have been found. 
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Some similar results have been reported for binary sys- 
tems. In his analysis of critical lines predicted by van der 
Waals’ equation, van Konynenburg (1968, p. 44) has 
shown that critical points can be computed in binary 
mixtures at unstable points. Heidemann and Mandhane 
(1973) have calculated free energy of mixing curves for 
binary liquid-liquid mixtures described by the NRTL 
equation that show critical points occurring where neigh- 
boring points are unstable. 

NOTATION 

heat capacity at constant volume 
excess Gibbs free energy 
n + 2  
number of components 
total moles 
moles of i 
pressure 
gas constant 
total entropy 
temperature 
total internal energy 
total volume 
mole fraction substance i 
kth order Legendre transform 

Greek Letters 
a 
pj 
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= parameter in Equation (1) 
= chemical potential of i 
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Dr. Heidemann raises an interesting point. The key 
sentences are those which precede Equation (21) “. . . 
one can state that the necessary and sufficient criterion of 
stability is 

(m--2) In  other words, if any is positive, then all 

y:E-” ( k  = 1, . . ., m - 1)  are positive and the system 
is stable.” 

Taken out of context, the statement is incorrect. In the 
discussion preceding the sentences in question, we try to 
make the following points: 

1. On p. 1201, “Only stable states are amenable to 
experimental study.” Thus, we position ourselves in a 
stable region and, by perturbing the system, we attempt 
to locate the boundaries where the system becomes un- 
stable. 

2. In stable regions, for a n-component system, 

This result is OUI Equation (19) and Dr. Heidemann’s 
Equation ( 14). 

3. As one searches for the boundaries of the stable 
system, we state that the first criterion to be violated is 

~ ( ~ + l ) ( ~ + ~ ) ,  that is, when this derivative becomes zero, 
the system has reached the limit of stability. 
4. Finally, we claim that if the system is unstable, then 

by inference, it is not amenable to further study. 
In the ternary-system examples given by Dr. Heide- 

mann (Figures 1 and 2 ) ,  if we begin the search for the 
limit of stability by starting in a stable region, then it is 
clear that if we move in any direction, the system first 

becomes unstable when y44 becomes negative. 
Thus, the sentence in question should have been stated 

more correctly as: “Generalizing, when starting from a 
region of known stability, one can state that the neces- 
sary and sufficient criterion of the limit of stability is 

(n )  

(3 )  

(21)” 
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